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ON A CONJECTURAL CONGRUENCE OF GUO
CHEN WANG AND HAO PAN
Abstract. Let p ≡ 3 (mod 4) be a prime and r a positive integer. We show that
(p2r−1)/2∏
k=1
4k − 1
4k + 1
≡ 1 (mod p2).
This confirms a recent conjecture of Guo [2, Conjecture 1.4].
1. Introduction
In 2016, Swisher [5, (H.3) with r = 2] conjectured that
(p2−1)/2∑
k=0
(1
2
)3k
k!3
≡ p2 (mod p5) (1.1)
for any prime p > 3 and p ≡ 3 (mod 4).
Recently, Guo [2, Theorem 1.2] obtained two q-congruences related to (1.1) modulo p4. For
any positive integer n ≡ 3 (mod 4), he proved that
(n2−1)/2∑
k=0
(1 + q4k+1)(q2; q4)3k
(1 + q)(q4; q4)3k
qk ≡
[n2]q2(q
3; q4)(n2−1)/2
(q5; q4)(n2−1)/2
q(1−n
2)/2 (mod Φn(q)
2Φn2(q)
2), (1.2)
n2−1∑
k=0
(1 + q4k+1)(q2; q4)3k
(1 + q)(q4; q4)3k
qk ≡
[n2]q2(q
3; q4)(n2−1)/2
(q5; q4)(n2−1)/2
q(1−n
2)/2 (mod Φn(q)
2Φn2(q)
2). (1.3)
Here (a; q)n is the Pochhammer symbol defined by (a; q)0 and (a; q)n = (1− a)(1− aq) · · · (1−
aqn−1) for n ≥ 1, [n]q = 1 + q + · · ·+ q
n−1 denotes the q-integer, and
Φn(q) =
∏
1≤k≤n
gcd(n,k)=1
(q − ζk)
is the n-th cyclotomic polynomial, where ζ is an n-th primitive root of unity.
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Letting n = p ≡ 3 (mod 4) be a prime and letting q → 1 in (1.2) and (1.3) we immediately
obtain that
(p2−1)/2∑
k=0
(1
2
)3k
k!3
≡
p2−1∑
k=0
(1
2
)3k
k!3
≡ p2
(p2−1)/2∏
k=1
4k − 1
4k + 1
(mod p4). (1.4)
If (1.1) holds, one must have
(p2−1)/2∏
k=1
4k − 1
4k + 1
≡ 1 (mod p2).
Motivated by this, Guo [2, Conjecture 1.4] proposed the following deeper conjecture.
Conjecture 1.1. Let p ≡ 3 (mod 4) be a prime and r a positive integer. Then
(p2r−1)/2∏
k=1
4k − 1
4k + 1
≡ 1 (mod p2). (1.5)
Our main purpose is to confirm the above conjecture.
Theorem 1.1. Conjecture 1.5 is true.
Remark 1.1. Theorem 1.1 also indicates that (1.2) is actually a q-analogue of (1.1) modulo p4.
2. Proof of Theorem 1.1
Recall that Morita’s p-adic gamma function [1, 4] is a p-adic analogue of the classical gamma
function. For any integer n ≥ 1, the p-adic gamma function is defined by
Γp(n) := (−1)
n
∏
1≤k<n
p∤k
k.
In particular, set Γp(0) := 1. Let Zp denote the ring of all p-adic integers. Since N =
{0, 1, 2, . . .} is dense in Zp in the sense of p-adic norm | · |p, for any x ∈ Zp define
Γp(x) := lim
n∈N
|x−n|p→0
Γp(n).
By the definition of p-adic gamma function over N and the continuity, we have
Γp(x+ 1)
Γp(x)
=
{
−x, p ∤ x,
−1, p | x
. (2.1)
It is known that for any x ∈ Zp,
Γp(x)Γp(1− x) = (−1)
p−〈−x〉p, (2.2)
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where 〈x〉p denotes the least nonnegative residue of x modulo p. Clearly, (2.2) is a p-adic
analogue of the well-known Legendre relation
Γ(x)Γ(1− x) =
pi
sin pix
.
Two show Theorem 1.1 we also need the following known result which can be easily deduced
from [3, Theorem 14].
Lemma 2.1. For any prime p ≥ 3, a,m ∈ Zp we have
Γp(a+mp) ≡ Γp(a) + Γ
′
p(a)mp (mod p
2).
Proof of Theorem 1.1. We shall prove this result by induction on r. If r = 1, then by (2.1) we
have
(p2−1)/2∏
k=1
4k − 1
4k + 1
=
(p2−1)/2∏
k=1
k − 1/4
k + 1/4
=
(
3
4
)
p2−1
2(
5
4
)
p2−1
2
=
Γ
(
2p2+1
4
)
Γ
(
5
4
)
Γ
(
3
4
)
Γ
(
2p2+3
4
)
=
p
4
· 5p
4
· · · 2p
2−p
4
3p
4
· 7p
4
· · · 2p
2−3p
4
·
Γp
(
2p2+1
4
)
Γp
(
5
4
)
Γp
(
3
4
)
Γp
(
2p2+3
4
) = p
(
1
4
)
p+1
2(
3
4
)
p−1
2
·
Γp
(
2p2+1
4
)
Γp
(
5
4
)
Γp
(
3
4
)
Γp
(
2p2+3
4
)
≡
p(−1)(p+1)/2Γp
(
2p+3
4
)
Γp
(
3
4
)
p
4
(−1)(p−1)/2Γp
(
1
4
)
Γp
(
2p+1
4
) · Γp
(
1
4
)
Γp
(
5
4
)
Γp
(
3
4
)2
=
Γp
(
2p+3
4
)
Γp
(
1
4
)
Γp
(
2p+1
4
)
Γp
(
3
4
) (mod p2).
In view of (2.2) and Lemma 2.1 we have
Γp
(
2p+3
4
)
Γp
(
1
4
)
Γp
(
2p+1
4
)
Γp
(
3
4
) =Γp
(
2p+ 3
4
)
Γp
(
3− 2p
4
)
(−1)
p+1
4 Γp
(
1
4
)2
(−1)
p+1
4
≡Γp
(
3
4
)2
Γp
(
1
4
)2
= 1 (mod p2).
Now we suppose that the result holds for r < n, then for r = n we also have
(p2n−1)/2∏
k=1
4k − 1
4k + 1
=
(
3
4
)
p2n−1
2(
5
4
)
p2n−1
2
=
Γ
(
2p2n+1
4
)
Γ
(
5
4
)
Γ
(
3
4
)
Γ
(
2p2n+3
4
)
=
p
4
· 5p
4
· · · 2p
2n−p
4
3p
4
· 7p
4
· · · 2p
2n−3p
4
·
Γp
(
2p2n+1
4
)
Γp
(
5
4
)
Γp
(
3
4
)
Γp
(
2p2n+3
4
) = p
(
1
4
)
p2n−1+1
2(
3
4
)
p2n−1−1
2
·
Γp
(
2p2n+1
4
)
Γp
(
5
4
)
Γp
(
3
4
)
Γp
(
2p2n+3
4
)
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=−
p · 3p
4
· 7p
4
· · · 2p
2n−1−3p
4
p
4
· 5p
4
· · · 2p
2n−1−p
4
·
Γp
(
2p2n−1+3
4
)
Γp
(
3
4
)
Γp
(
1
4
)
Γp
(
2p2n−1+1
4
) · Γp
(
2p2n+1
4
)
Γp
(
5
4
)
Γp
(
3
4
)
Γp
(
2p2n+3
4
)
=
(
3
4
)
p2n−2−1
2(
5
4
)
p2n−2−1
2
·
Γp
(
2p2n−1+3
4
)
Γp
(
2p2n−1+1
4
) · Γp
(
2p2n+1
4
)
Γp
(
2p2n+3
4
) .
By the induction hypothesis, we have(
3
4
)
p2n−2−1
2(
5
4
)
p2n−2−1
2
≡ 1 (mod p2).
Therefore,
(p2n−1)/2∏
k=1
4k − 1
4k + 1
≡
Γp
(
2p2n−1+3
4
)
Γp
(
2p2n−1+1
4
) · Γp
(
1
4
)
Γp
(
3
4
) ≡ 1 (mod p2),
where the last step follows from (2.2) and Lemma 2.1 again. 
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